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1 Consider the Polyakov action

T
Sp = —2/ dQU\/—ggO‘BOQX“é?BX”nW, (1.1)
%

in flat gauge gng = 7as-
(a) Compute the canonical momenta
65
= —. 1.2
= (1.2

to the scalar fields X*.
(b) The Poisson bracket of two function(al)s, ', G of X* and II, is defined as

x> op oG oG oF
{F Gy = /0 da (aX#(T, 5) oM, (1.5)  OXH(r,5) anu(f,&)) ' (13)

Show that this leads to the canonical equal-time Poisson brackets

{XM(T’ 0)7 HV(T> OJ)} = 77W5(U - OJ) )

{X“(T,J), XY (T, J’)} = {H“(T, o), ¥ (r, a')} =0. (1.4)

(c) Recall the canonical charges for conformal transformations are defined as

1 2m N
L€+ == W/O daf T++ 5

1 2m
L. / doe  T__,
0

2ma/

(1.5)

with Tag = &XX'“(?BXVT]MV.
Show that these generate conformal transformations via the Poisson bracket (1.3)
{Let, XH(1,0)} = —T0, XH(1,0),

(Lo, XP(r. )} =~ 0_X"(r,0). (16)

(d) Show that the Poisson bracket of the Virasoro generators
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is given by

{
{zm, Zn} = —i(m — 1)L, (1.8)
{
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This is called the Witt algebra.
(e) Show that the differential operators

T, = —e™ 0_, T, = —em”+8+, (1.9)

satisfy the algebra
[T, Tn] = i(m — n)Tppsn, (1.10)

via the Lie bracket.
We can now write a nice relationship between the Noether charges of conformal transformations
and the conformal transformations they generate. Let

QT,, = Lim (1.11)
denote the Noether charges associated to the tranformations 7;,. Then
{Qr,., Q1. } = — Q1,0 73) - (1.12)

(f) Now show that the above holds in general, i.e. consider some symmetry under which the
fields ¢ transform as d.¢. Write the associated Noether charges as (), such that

{Qc, 0} = 0co. (1.13)
Show that
{{Qeu Q62}7¢} = —(0e,0e; — 0e;0¢, ) (1.14)
This is equivalent to saying
{Qeu Qeg} = _Q[q,eg] : (115)

Hint: The Poisson bracket satisfies the Jacobi identity

{A,{B,C}} + {C,{A, B}} + {B,{C, A}} = 0. (1.16)

2 Consider the mode expansion for the string

wioy Loy Lo Y Ly —inot
Xi(o )25(1: +c)+§ap o 41 EZﬁane ,
n#0

(2.1)
1 1 4 1 N
XE(oT) =z (a" =)+ za'ph o + iy * Z —alte™™m .
2 2 2 n
n#0
(a) Show that the center of mass position
1 27
zh = Py do X*, (2.2)
T Jo
is, at 7 = 0, given by
zh =t (2.3)

(b) Using your results from question 3(b) of Exercise Sheet 2 in flat gauge, show that the
conserved charge associated to spacetime translations,

2m
P, E/O do Py, (2.4)
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is given by
P,=p,. (2.5)

(c) Using your results from question 3(b) of Exercise Sheet 2 in flat gauge, show that the
conserved charge associated to spacetime Lorentz transformations,

2w

Ju = ; do J;,, , (2.6)

is given by .
JW =W+ EFY + BRY (2.7)

where
" = ghp¥ — g¥ ph

) 1 2.8
EW — Z - (ot ar —a”,ak) (2:8)

n>0

and similarly for E#”. Interpret " and E*".

3 In the quantum theory, the Virasoro generators generate a central extension of the Witt
algebra. This takes the form

[Lns Lu] = (1 — 1) Lingn + C(0)dmino (3.1)

where C'(n) is some real function that you will now determine. C(n) is called the central
extension of the algebra. Note: we wrote commutators rather than Poisson brackets in (3.1) to
emphasise that this will occur in the quantum theory.

(a) Show that skew-symmetry of the commutator implies

C(n)=—-C(—n). (3.2)
(b) By considering the Jacobi identity, show that the function C'(n) must take the form
Cn)=cn®+cin, (3.3)

for some constants ¢, c3.
(c) Compute
<07p|[L17L71]|07p> and <Oap‘[L27L*2]|O7p> ) (34)

to show that the correct commutation relations are given by the Virasoro algebra:

D
[Lin, Lyp) = (m —n)Lypyn + — 3

2™

— m)5m+n’0 . (35)
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